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Abstract 

Real eigenvalues of some non- Hermit ian (pseudo-Hermitian or PT-symmetric) Hamil- 
tonians can be determined by solving operator quantum equations of motion rather than 
Schrodinger equations within the framework of quantum mechanics. This method is in par- 
ticular applicable for the class of models which are closely related to the harmonic oscillator. 
In this way, a new application of quantum mechanics is thus given. 
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1 Introduction 



It is well known that the operators of physical observables are required to be Hermitian 
(self-adjoint) in quantum mechanics. However, the Hermiticity is relaxed to be r^-pseudo- 
Hermiticity or PT symmetry in non-Hermitian quantum mechanics, where is a linear 
Hermitian or an anti-linear anti-Hermitian operator, and P and T stand for the parity 
and time-reversal operators, respectively. Being traced back to the work by Dirac [1] and 
Pauli [2] , the theories of non-Hermitian quantum mechanics have been developed |3] quickly 
in recent decades. 

Normally, a non-Hermitian Hamiltonian should be dealt with in terms of non-Hermitian 
quantum mechanics, such as the pseudo-Hermitian and PT-symmetric quantum theories. 
One typical way is to change a non-Hermitian Hamiltonian to its Hermitian (isospectral) 
counterpart by a non-unitary similarity transformation. The situation is that such a treat- 
ment associated with the introductions of new concepts and techniques is complicated, which 
can be seen, for instance, in the investigations of the Swanson model ^ and Pais-Uhlenbeck 
oscillator model [HI E] . 

Nonetheless, we argue that whether quantum mechanics is incapable of action for all non- 
Hermitian quantum systems, or in other words, whether some non-Hermitian Hamiltonians 
can be dealt with within the framework of quantum mechanics theory. Our motivation 
is to expose under quantum mechanics instead of non-Hermitian quantum mechanics the 
intrinsic real eigenvalues for some non-Hermitian quantum systems that are closely related 
to the harmonic oscillator. The reason is that quantum mechanics is more fundamental 
and concise than non-Hermitian quantum mechanics, and in particular that we intend to 
search for new applications of quantum mechanics. Our idea can be realized by solving 
the operator equations of motion rather than the Schrodinger equations for non-Hermitian 
quantum dynamical systems. It is interesting that quantum mechanics is still alive even to 
some extent to non-Hermitian quantum systems. 

This paper is arranged as follows. In the next two sections, the Swanson model and 
Pais-Uhlenbeck oscillator model are chosen as our examples, and their energy spectra are 
calculated under quantum mechanics. The reason for the choice is that both models are 
prototypes [U O |6] in non-Hermitian quantum mechanics and will be shown to be prototypes 
in the new application of quantum mechanics. Our motivation will be well actualized through 
deriving the operator equations of motion of the two models and analyzing their solutions 
in the coordinate representation of quantum mechanics. At last, a brief summary is made 
in section 4. 
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2 Swanson model 



The Hamiltonian of the Swanson model [3] takes the form, 

H = H — rrvJ^x^ + i- (px + xp) , (1) 

2m 2 2 

where m and u are the mass and angular frequency of harmonic oscillators, respectively, and 
c is a real constant with the dimension of inverse time, {x, p) is a pair of canonical coordinate 
and momentum that satisfies the Heisenberg commutation relations, 

[x^p] = ih, [x,x] = = [p,p]. (2) 

The model is constructed by adding the imaginary interacting term i^(px + xp) to the 
Hamiltonian of the harmonic oscillator with the angular frequency u, where c may be un- 
derstood as the coupling constant. Obviously, this Hamiltonian is non-Hermitian, i/^ ^ H, 
but PT-symmetric, 

H = H^^ := {PTY^H{PT), (3) 

where the conventional definitions of the parity P and time-reversal T transformations are 
as follows: 

P : X — )■ —X, p —p, i — )■ 

T : X — )■ +x, p — )■ — i — !■ —i. (4) 

Instead of solving the Schrodinger equation for the Hamiltonian eq. ([T]), we derive the 
operator quantum equations of motion for the pair of phase space variables Making 
use of the Hamilton equations, 



we have 



x = -^[i/,x], p=^[H,p], (5) 

X = h icx, p = —mcu'^x — icp. (6) 

m 

Eliminating the momentum operator p in eq. we obtain the quantum equation of motion 
for the coordinate operator x, 



X 



+ {oo^ + c')x = 0. (7) 



This is nothing but the quantum equation of motion for the harmonic oscillator with the 
angular frequency \/uj^~+~(?. As a result, we claim that the effect of the imaginary interaction 
in the Swanson Hamiltonian eq. ([T]) is only to shift the angular frequency from tu to y/co"^ + 
without changing the inherent property of the original harmonic oscillator. 
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We conclude that the Swanson model depicted by eq. ([T]) is equivalent to the harmonic 
oscillator with the angular frequency yu^^+c? and thus it definitely has real eigenvalues. By 
simply using the textbook knowledge of quantum mechanics, we at once write the eigenvalues 
for the Swanson model, 



We may say that the appearance of imaginary interactions is not so severe as was thought 
before. 

We make several comments on our treatment to the Swanson model. The first is that 
our analysis is independent of the PT symmetry of the modelj^ however, such a symmetry 
is crucial in non-Hermitian PT-symmetric quantum mechanics [3111]. The second is that we 
can easily write a Hermitian Hamiltonian, 



which also describes the Swanson model with the same energy spectrum as eq. ([H])- As 
an example, we see that the quantum equation of motion (eq. (0)) is unique while the 
Hamiltonians (eq. ([1]) and eq. ([9])) are not for the Swanson model. This is understandable 
because the equation of motion plays a more unambiguous role than its relevant Lagrangian 
or Hamiltonian for a dynamical system. The final comment is that our treatment is simple 
and explicit if compared with the typical way in non-Hermitian quantum mechanics where 
a non-Hermitian Hamiltonian is changed into its Hermitian (isospectral) counterpart by a 
non-unitary similarity transformation. We emphasize in particular that our analysis is not 
involved with any theories of non-Hermitian quantum mechanics. 

3 Pais-Uhlenbeck oscillator model 

There are various forms of the Hamiltonian of the Pais-Uhlenbeck oscillator model [5] , among 
which a PT-symmetric Hamiltonian and a PT-pseudo- Hermitian one are worthy mentioning. 
The purpose to pick out the different forms is to explicitly show our finding which is nat- 
ural under quantum mechanics but seems to be inaccessible under non-Hermitian quantum 
mechanics: our method is independent of the PT symmetry or PT-pseudo Hermiticity of 
Hamiltonians, but is closely related to an invariance of parameter exchange originated from 
operator quantum equations of motion. Such an invariane plays a crucial role in determina- 
tion of the positive definite spectrum of the model, which will particularly be emphasized in 
the following analysis. 

"'^A brief explanation will be given in the last section. 






H = -—p + -m [U + C ) X , 
2m 2 ^ ' 



(9) 
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The PT-symmetric Hamiltonian given in ref. [0] has the form 
Hi 



27 



2^2 



21 



(10) 



where 7, uji and UJ2 are all positive constants, and {xj,pj), j = 1, 2, are two pairs of canonical 
coordinates and momenta that satisfy the Heisenberg commutation relations, 



[Xj , pk\ = ihSjk , [xj ,Xk] = 0= [pj , pk] 

Hi possesses a kind of PT symmetry. Hi = Hf^ := (PT)^^ Hi{PT) , under the conventional 
P and T transformations of {xi,pi) (see eq. (jlj)) and the unconventional onej^ of {x2,P2)- 
It is constructed with great efforts by determining no classical limits for the quantum Pais- 
Uhlenbeck oscillator with positive spectra and performing an (isospectral) operator similarity 
transformation, see ref. [6] for the details. 

The PT-pseudo-Hermitian Hamiltonian proposed in ref. [7| takes the form, 

1 o o 1 







j,k = l,2. 



fill 



Hii 



«3 



H — maixi H — H — maixl + i 

2m 2 ^ ^ 2m 2 2 2 2maia2 



pI 



P1P2, 



(12) 



which is constructed by adding an imaginary interacting term proportional to ipiP2 to 
the Hamiltonian of a free anisotropic planar oscillator, where m is the mass of the two- 
dimensional oscillator, and ai, 02, and are non- vanishing real constants with the anisotropic 
condition ai 7^ 02. Hu is PT-pseudo-Hermitian self-adjoint, Hn = Hf^ := {PT)~^ hI-^{PT) , 
under the conventional parity and time-reversal transformations in each dimension (eq. (jlj)), 
as shown in ref. [7j. 

No matter how different they are in the aspects of formulation and symmetry, the two 
Hamiltonians Hi and Hu, in accordance with the Hamilton equations, correspond to the same 
operator quantum equation of motion, i.e. the following fourth-order ordinary differential 
equation (ODE), 



d Xj / 2 , 2\ ^ -^3 , 2 2 



0, 



J = 1,2, 



(13) 



dt^ ' ' dt^ 

where for Hu the positive and unequal parameters uJi and UJ2 are defined under the inequality, 

ksl < ~ flii, to be 



0J2 



\ 



af -|- ± 



at — at;] — a? 



a? + ai =F 



aj - alf - aj 



(14) 



^As explained in ref. [6^, X2 and p2 transform, in the language of quantum field theory, as parity scalars 
instead of pseudo-scalars, i.e., P : X2 ^ +-^2, P2 +P2', T : X2 ^ —X2, P2 +P2- 
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Now we solve this ODE in the coordinate representation of quantum mechanics. The 
characteristic equation has four imaginary roots that constitute two pairs of complex conju- 
gate numbers, i.e. and ±iu2, which implies that the particular solutions proportional to 
exp{±iujit) and exp{±iu2t) , respectively, describe two harmonic oscillators with frequencies 
Ui and UJ2- Correspondingly, their energy spectra are already known. 



As a result, the solution of the fourth-order operator quantum ODE is the linear combination 
of the particular solutions. However, the total energy spectrum is undetermined yet, that is, 
there are three possible cases of combination f| Ei + E2, Ei — E2, and —Ei + E2. 

Despite various elaborate approaches, in particular the (isospectral) operator similarity 
transformation [6], proposed in non-Hermitian quantum mechanics for getting rid of the 
cases associated with negative probability or ghost states, we simply consider the exchange 
invariance of the fourth-order ODE with respect to the frequencies ooi and 002^ In light of the 
propert}0 that the invariance of parameter exchange existed in an operator is maintained 
in the operator's eigenvalues, the positive definite spectrum Ei + E2 is thus picked out 
straightforwardly because Ei — E2 and —Ei + E2 evidently have no such an invariance 
individually. 

We can make similar comments to that given in the above section. In order to avoid 
repetition, we only mention that our treatment, unlike ref. [6] where the PT symmetry of 
Hi is crucial, has nothing to do with such a symmetry and that it does not depend on the 
PT-pseudo Hermiticity of Hn, either. Instead, the invariance of parameter exchange plays a 
crucial role in determining the positive definite spectrum. Note that the PT symmetry or the 
PT-pseudo Hermiticity is completely different from the invariance of parameter exchange, 
the former is of external (spacetime) transformation while the latter of internal (parameter) 

•^The negative definite case, — -Bi — E2, can be omitted directly due to the positive definite Hermitian 
parts in Hi and Hu. In addition, the linear combination of particular solutions does not mean the lin- 
ear combination of eigenfunctions, it only means that the Pais-Uhlenbeck oscillator model consists of two 
harmonic oscillators with angular frequencies uJi and cj2- 

"^This invariance also exists in Hi and Hu, which originates from the operator quantum equation of motion 
(eq. (|13|) ). Although it is not manifest in Hu, the invariance presents whenever the upper sign (wi > ^2) or 
lower sign (wi < UJ2) is taken in eq. p^ . 

^If an operator 0{ai,a2), regardless of its Hermiticity or non-Hermiticity, is invariant under exchange 
of two parameters ai and a2, a linear and invertible operator S that represents the action of exchange 
can be introduced and there exists the relation: SO{ai,a2)S~^ = 0{a2,ai) = 0{ai,a2), where S'^ = 1. 
Suppose the eigenvalue problem of 0{ai,a2): 0(ai,a2)/ ~ A(q!i,Q!2)/, one can prove 0{ai, a2){S f) = 
A(a2, Due to [0{ai, a2), S] — 0, the two operators have same eigenfunctions in general, the so- 

called S symmetry is unbroken, which leads to S f = ±/. Therefore, one obtains A(q;i, 012) = X{a2, ai), which 
implies that the invariance of parameter exchange also exists in the eigenvalues of the operator 0(ai, 02). 




ni,n2 = 0, 1,2, ■ • • . 



(15) 
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transformation. As a whole, our analysis of the Pais-Uhlenbeck oscillator model is based 
only on quantum mechanics. 

4 Summary 

We find that quantum mechanics is capable of working for some non-Hermitian quantum 
systems, which gives a new application of quantum mechanics. We take two models that 
are prototypes in non-Hermitian quantum mechanics as our examples, one is the Swanson 
model and the other Pais-Uhlenbeck oscillator model which are now shown to be prototypes 
in the new application of quantum mechanics. Our technique is to focus on operator quantum 
equation of motion without (in the Swanson model) or with (in the Pais-Uhlenbeck oscillator 
model) its relevant invariancc under parameter exchange, thus it is able to circumvent in 
some sense non-Hermiticity {PT symmetry or PT-pseudo Hermiticity) of Hamiltonians. 
Our analysis, in which to solve quantum equations of motion looks more or less like classical 
mechanics, works surprisingly for non-Hermitian quantum systems. 

Although we just deal with the two models that are closely related to the harmonic 
oscillator, our analysis can be applied to other non-Hermitian quantum models under the 
prerequisites: (i) those models have real spectra, and (ii) they can be decomposed into 
simpler models whose spectra are known or easily obtained. In fact, the operator equations 
of motion of non-Hermitian quantum systems and their solutions already contain the relevant 
information on the prerequisites. The remaining challenge is how to pick out it. 
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